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Introduction 



Let / : X — > Y be a family of m-folds over a curve Y, smooth over U = Y\S. 
We will assume that / is semistable, i.e. that X is non-singular and that 
A = / _1 (S') is a reduced normal crossing divisor. 

A slight improvement of the Arakelov inequality in |VZ01j has been shown in 
jMVZOSj : 

Theorem 0.1. For all v > 1 with f*u u x j Y 7^ one has the inequality 

<^-deg(^(logS)). 



rank(/,^ /y ) 

Assume that the family / is not isotrivial, hence that for no finite covering 
Y' — > Y one has a birational map X Xy Y' — > F x Y'. If one assumes in 
addition that the smooth fibres F of f are minimal models, then for u > 1 
the left hand side of is strictly larger than zero. If Y = P 1 one sees that 
#S > 3. 

Here we are interested in the case v — 1, assuming that the non-isotriviality 
implies deg(/*u;x/y) > 0, hence if a local Torelli Theorem holds for F . In this 
case we consider / to be "minimal" if 

2 777 r = — ■ deg [Q Y logS . 

rank^/^x/y) 2 

So a general question would be, whether there are such minimal families, and 
what is special about them and their variation of Hodge structures. The case 
of families of curves (discussed in |MVZ05j ) and the lack of any examples 
made us believe, that such minimal families only exists if dim(H°(F, Up)) = 1- 
Some examples of families of minimal families of Calabi-Yau manifolds have 
been discussed in (VZ03 . 

Here we will restrict ourselves to families of ^-dimensional Abelian varieties, 
and we will state some generalization of ((IJ for families over a higher higher di- 
mensional bases. Before defining the necessary tools, let us give two examples, 
for Y = P 1 . As well known, and as we will recall in Section |21 for semistable 
families of Abelian varieties the minimal number of singular fibres is #S = 4. 

Both authors are supported by the "DFG-Schwerpunktprogramm Globale Methoden in 
der Komplexen Geometrie" , and the first named author by the DFG-Leibniz program. 
This work has been achieved thanks to the support of the European Commission through 
its 6th Framework Programme " Structuring the European Research Area" and the contract 
Nr. RITA-CT-2004-505493 for the provision of Transnational Access implemented as Specific 
Support Action. 
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Example 0.2. (Beauvillc [B82 ) If g : E — > P 1 is a semistable non-isotrivial 
family of elliptic curves with 4 singular fibres, then it is a modular family. 
Moreover, up to isomorphism there are 6 possible examples. 

Example 0.3. (Theorem 0.2 in jVZ()4j ) Let / : X -> P 1 be a non-isotrivial 
semistable family of Abelian varieties of dimension g with 4 singular fibres. 
Then (J2J) says that deg(/*a>x/y) = 9, and this implies that / is isogenous to 
E Xpi E Xpi • • - Xpi E where E —>■ P 1 is one Beauville's examples. 

One possible interpretation is that P 1 \ {yi, ■ • • , y^} is a "minimal" subvariety 
of the moduli stack A g of polarized Abelian variety, which forces the corre- 
sponding families to be "special" . 

Special families of Abelian varieties should become isogenous to a universal 
family over a Shimura subvariety of A g , after replacing the base U by some 
etale covering. Here and afterwards "Shimura variety" stands for "Shimura 
variety of Hodge type", as defined in |Mu66j and |Mu69j . i.e. for a moduli 
scheme of Abelian varieties with a prescribed Mumford-Tate group. 
In this note we want to speculate about the meaning of "minimal" for families 
over surfaces or over higher dimensional bases, so we propose the following 

Program 0.4. 

• Define minimal subvarieties U in the moduli stack A g of polarized g- 
dimensional Abelian varieties, in terms of numerical conditions of the 
corresponding Q- variation of Hodge structures. 

• Show that minimal subvarieties are Shimura varieties. 

• Try to distinguish different types of Shimura varieties by numerical 
conditions. 

We are grateful to the referee for pointing out several ambiguities in the first 
version of this article, and for suggestions how to improve the presentation. 

1. Variations of Hodge structures and Higgs bundles 

Set-up 1.1. Let Y denote an n- dimensional complex projective manifold, S a 
normal crossing divisor and U — Y\S. Let ip : U — > A g be a morphism to the 
moduli stack of polarized Abelian (/-dimensional varieties, and let / : V — > U 
be the induced family of Abelian varieties (usually one can assume that (p 
factors through a morphism to some fine moduli scheme and that / is the 
pullback of the universal family). Choose a non-singular compactification X 
of V such that / extends to / : X — > Y, and such that T = / _1 (S') is a normal 
crossing divisor. 

Let iV-fxQv be the induced variation of Hodge structures on U. We will 
assume that the local monodromy in general points of the components of S 
is unipotent. For example this will be true if / : X — > Y is semistable in 
codimension one, i.e. if S contains a dense open subset S° such that / _1 (S' ) 
is a reduced normal crossing divisor. 

Let V be a C-subvariation of Hodge structures of R 1 /*Cy <8> C = i? 1 /*Cy. 
Consider the Deligne extension H of the locally free sheaf V £*5q Ou to Y, 
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defined in |D87j . This distinguished extension can be characterized as follows: 
Let U be an open subset in Y with U H S ^ 0, s a section in Hms an d 
si, • • • , s n a multiple-valued flat frame, such that s = ^ /jSj, with multiple- 
valued coefficient functions /«. Then s extends holomorphically to U if and 
only the /$ have at most logarithmic singularities ( |Sch73| . Page 235). The 
sheaf W is locally free and the Gauss-Manin connection extends to 

V : H^H®n\r(logS). 

As shown in }Sch73| the F* filtration extends to a filtration of TC by subbundles. 
Griffiths transversality implies that taking the graded sheaf 

F = qx f .{H) = F 1 >°©F ' 1 

one obtains a logarithmic Higgs bundle, i.e. a locally free sheaf F together 
with the Higgs field r : F — > F <8> fiy (log S'), an CV linear map induced by the 
Gauss-Manin connection. Here r|j?o,i is zero, and we will write 

t-.F 1 ' — + F°' 1 ®fi Y (logS'). 

Note that r is just the cup product with the Kodaira-Spencer class. 
For a family of Abelian varieties, F r /*Cy is the g-th wedge product of B}FJ£y. 
Using the notations introduced above for V = i? 1 /*Cy, the iterated cup prod- 
uct with the Kodaira-Spencer map gives 

g-l I 

> f\ F 1 - ® /\ F - 1 ® S £ fiy (log 5) . 

For £ = g one obtains the Griffiths Yukawa coupling 

9 9 

t 9 : y\ F 1 ' — >• y\ F ' 1 <g> S fl O y (log 5) . 

Candidates for the numerical invariants we are looking for in Program 10.41 
could be deg(F 1,0 ), deg(f2 y (log S)) and the maximal number I with r l ^ 0. 

2. Arakelov inequalities over curves 

Let us return to families over a curve Y in Set-up 11.11 and to a C-subvariation 
of Hodge structures V C F 1 /*Cy with Higgs bundle (F, r). The inequality (JTJ) 
for v = 1 is a special case of Faltings Arakelov inequality: 

Theorem 2.1 f (F83] for V = R}fXv and [D87j . in general). 
// dim U — 1 one has the inequality 

(3) 2 • deg(F 1 ' ) < rank(F 1 ' ) ■ deg(fty(log S)). 

Assume for a moment that T is the largest unitary local subsystem in F x /*Cy 
and V © T = R 1 f*<Cv Simpson's correspondence jSi90j implies that F 1,0 
can not have an invertible quotient of degree < 0. Hence for Y = P 1 the 
sheaf F 1,0 = F 0,lV has to be the direct sum of line bundles Oy(y) for v > 0. 
Obviously this implies that deg(f2 y (log S)) > 2. Simpson's correspondence is 
also the main ingredient in the proof of the next result: 
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Then F 1 ' and F 0,1 are poly stable and r : F 1,0 — > F ' 1 ® VLy (log S) is an 
isomorphism. 

Theorem 2.3 ( |VZn4j ). Assume that V = R 1 fXv- If for the Higgs field 
(F, t) ofY = R 1 f*Cy holds, then U is a rigid Shimura curve. Replacing U 
by an etale covering, V — > U is isogenous to a selfproduct of the corresponding 
universal family. 

Here rigid means that there is no non-trivial deformation of the morphism 
from U to the moduli stack A g . This type of Shimura curves has first been 
constructed by Mumford l.VluODj for g = 4. 

Of course, if r : F 1,0 — > F ' 1 ® f2y(logS') is an isomorphism, Q is an equal- 
ity. In [VZ04] the polystability was expressed in a different way. If F 1,0 is 
polystable, replacing U by an etale covering, one may write 



where £ is a logarithmic theta characteristic, i.e. an invertible sheaf with 
C? = luy(S), and where U is a unitary locally free sheaf. 
The Example 10.31 follows immediately from: 

Addendum 2.4 ( VZ04J). If S ^ then the conclusion of Theorem, \2.'A can 
be strengthened: 

U is a modular curve and (replacing U by an etale covering) V — > U is isoge- 
nous to the g-fold selfproduct of the corresponding modular family of elliptic 
curves. 

For 5 = the description of the isogeny class of V — > U is more complicated. 
Proving O in |VZ04| . one recovers the description of the variation of Hodge 
structures R 1 f*Cy as the corestriction of a quaternion algebra defined over a 
totally real number field which is ramified at all infinite places except one. 
Remark that in |VZ04j we also consider the non-rigid case. Here one has to 
decompose R l f*<Cy as T © V, with T unitary. If for the logarithmic Higgs 
field of V the equality (j3J) holds U is a Shimura curve and the family V — > U 
is isogenous to the product of certain universal families. We skip the details, 
since for dim({7) > 1 we are at the moment not able to allow unitary direct 
factors in the variation of Hodge structures. 

3. Arakelov inequalities over a higher dimensional base 

Let Y be an n-dimensional projective manifold. Define for a torsion free co- 
herent sheaf T on Y 



F 



1.0 



£ <g> U and F 



■o.i 



■v 



T(^) 




eH\Y,Q) 



and the discriminant 



A(J-) = 2 • rank(^) ■ c 2 (^) - (rank(^) - 1) ■ Ci(^) 2 G H A (Y, Q). 
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Choose on Y an invertible sheaf A/", or more generally an IR-divisor N '. One 
defines the slope and the discriminant of a torsion free coherent sheaf T as 

M (T) = r ?{F).c 1 {N) n - 1 and 5 N {F) = A(F) .c(AT) n - 2 , 

respectively. Both, T and /i^ - , are additive for tensor products. 

Definition 3.1. Let TC be an ample invertible sheaf on Y. 

i. JF is numerically effective (nef), if for all curves r : C — > Y and for all 
invertible quotient sheaves C of t*T one has deg(£) > 0. 

ii. T is ample with respect to an open subscheme U' of Y, if for some 
v ^> there exists a morphism ©7i — ► S u (J r ), which is an surjective 
over U'. 

If T is invertible, this is equivalent to: 
For some /i > the sheaf T^ 1 is generated by H°(Y,J-' fl ) in all points 
u G [/', and the induced morphism U' — > P(iy°(Y, JF' 4 ) is an embedding. 

iii. JF is big, if it is ample with respect to some open dense subscheme. 

Let us also recall the notion of stability for a torsion free coherent sheaf T 
with respect to the invertible sheaf or an IR-divisor M . 

iv. T is [instable, if for all subsheaves Q with rank(^) < rank(jF) one has 

v. T is /x^/--semistable, if for all subsheaves Q one has 

vi. A /x^-semistable sheaf T is /i^r-polystable, if it is the direct sum of 
//jV"- stable sheaves. 

In iv), v) and vi) one should assume at least that M is nef and big. 
Consider the following set of assumptions for (Y, S): 

Assumption 3.2. 

a. fiy(log S) is nef. 

b. uy(S) is ample with respect to U . 

c. u>y(S) is semiample. 

d. If T and Q are two fJL UY rs) polystable locally free sheaves, then T ®Q 
is again Huj y {s) polystable. 

e. If T is Huj y (s) polystable and locally free, then 

Hu Y {s)(F) = bu> Y {s){.F) = 
if and only if JF is unitary. 

Remark 3.3. The condition 13.21 a) implies that ujy(S) is nef, so a) and b) 
together imply that LOy(S) nef and ample with respect to U. The conditions 
d) and e) hold true whenever ay (log 5) is ample. As Yau told us, he and Sun 
are able to show that a) and b) imply d) and e). 

The additional condition c) implies that Simpson's correspondence remains 
true if one chooses uy(S) as polarization: 
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f. Let (E9) be a logarithmic Higgs bundle induced by a C variation of 
Hodge structures V on U with unipotent local monodromy. If G C E 
is a saturated Higgs subsheaf then 

(5) c 1 {G).c 1 {io Y {S)) n - 1 < 0, 

and the equality holds, if and only if G is induced by a local subsystem. 

Here "saturated" means that the quotient sheaf has no torsion, and Q is a 
Higgs subsheaf, if 9{Q) C Q ® VL Y (\ogS). If Q is induced by a local subsystem 
of V then Q is of course a Higgs subbundle. 
In fact consider for r = rankG the rank one Higgs subbundle 

r r 

(detG,0)=/\(G,9)c/\(E,9). 

The curvature of the Hodge metric h on det G is negative semidefmite, and the 
Chern form ci(G, h) represents the Chern class of det(G). One obtains (J5J). 
Assume now, that © is an equality. If C\(G, h) ^ one finds an irreducible 
non-singular curve C as the zero locus of n — 1 general sections of some power 
of uiy(S), such that C does not lie in the kernel of ci(G, h). So the pullback 
of ci(G,h) to C is non-zero. This implies that at least in one point of C 
the pullback of Ci(G,h) is strictly negative, hence Ci(G) • c 1 (o;y(S')) n_1 < 0, 
contrary to the assumption. So Ci(G, h) = hence Ci(G).Ci(7Y) n_1 = for 
all ample invertible sheaves 7i, and |Si88j implies that G is induced by a local 
system. 

Since u Y (S) is nef and ample with respect to U ( assuming 13.21 a) and b)), one 
can apply Yau's uniformization theorem ( Y88J and Y93J), recalled in [VZ05b ( 
Section 1]. In particular, the sheaf fiy(logS') is /^(^-polystable. Hence one 
has a direct sum decomposition 

(6) n Y (\ogS) = fii © • • • © n s „ © • • • © o s / © - • • © n s 

in stable sheaves. 

Notations 3.4. We choose the indices such that 
I. for i = 1, . . . , s" the sheaf fli is invertible. 

II. for i = s" + 1, . . . , s', the sheaf f2j is stable of rank > 1 as well as 

S m (ni), for all m > 1. 
III. for i — s' + 1, . . . , s we have the remaining stable direct factors, i.e. 
those with S mi (flt) non-stable, for some > 1. 

Let V be a C-subvariation of Hodge structures of W, without a unitary direct 
factor, and with Higgs bundle 

(E x, ° © S ' 1 , 6 : E lfi -> E ' 1 <g> 0^(log S)) . 

By [VZ05b, Theorem 1], assuming 13.21 one has the Arakelov type inequality 

(7) /Wcs)^ 1 ' ) - /W(S)(£ 0,1 ) < /W(s)(j£0ogS)). 
Obviously, for dim(F) = 1 this is the same as the inequality 0- 
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Unfortunately at present only part of Theorem 12 . 21 generalizes to higher dimen- 
sional base schemes satisfying 13.21 and to irreducible subvariations of Hodge 
structures V. 

By jVZ05b[ Theorem 1] the Arakelov equality 

(8) ^ Yi s)(E lfi ) ~ ^riS){E^) = ^(^(logS)) 

implies that E 1 ' and E 0,1 are both //^(^-semistable. In different terms, if 
the Higgs field 

9:E lfi — ►S ' 1 ®^ (log £) 

is a morphism between locally free sheaves of the same /z^^-slope, then E '°, 
E ' 1 , and hence E 0,1 <g> fly(log 5), are all /U^^-semistable. We expect more. 

Conjecture 3.5. Assuming 13.21 let V be an irreducible subvariation of Hodge 
structures satisfying the Arakelov equality (jHJ). 

a. There exists a unique i G {1, . . . , s} such that the Higgs field 9 factors 
through 

9 : E 1 ' — ► E 0,1 ® fl, — ► E ' 1 <g> fi^logS). 

b. i? 1 ' and i? 0,1 are fJ>u Y (S)- stable. 

Recall that for a /^(^-semistable locally free sheaf T one has the Bogomolov 
inequality (L^s)^) > 0. Then l3~2l and the Arakelov equality (jHJ) imply that 

W)(£ 1,0 ) > and <W)(£ 0,1 )>°- 

We say that V or (E 1,0 © E 0,1 , 9) satisfy the Bogomolov equality, if 

(9) Min{^ y(5) (i? 1 ' ),^ y(s) (i? ' 1 )} = 0. 

The conjecture 13.51 has been verified in |VZ05bl Proposition 4] under the ad- 
ditional assumption that all the direct factors of fly (log iS) are of type I, or 
that there are no direct factors of type III, and that the Higgs bundles of all 
direct factors V of R 1 f*<Cy satisfy the Bogomolov equality. In fact, this is an 
intermediate step in the proof of: 

Theorem 3.6 ( [VZ05b, Theorem 6] ). In the Set-up 17771 assume that \< 6 J.<% 
holds, that the induced morphism U — > A g to the moduli stack of polarized 
Abelian varieties is generically finite, and that s = s' , i.e. that there are no 
direct factors of flj of fly (log of type III. Assume moreover that for all 
irreducible C-subvariations of Hodge structures V of R l f*Cv with logarithmic 
Higgs bundle (E 1 ' © E 0,1 ,9) the Arakelov equality (0) holds as well as one of 
the following conditions 

i. Min{^ y(5) (i? 1 ' ),^ y(5) ( J E; - 1 )} = 0, 

ii. s" = s, hence flj is invertible for i — 1, . . . , s. 

Then U is a rigid Shimura subvariety of the moduli stack A g , and the universal 
covering U is the product of s complex balls of dimensions rij = rank(flj). 

The proof of Theorem 13 .61 is based on Yau's Uniformization Theorem, the Yau 
inequality for direct factors of fly (logS) of type II, on the Simpson corre- 
spondence (see |Si88] and |Si92j ). and on certain characterizations of Shimura 
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varieties, due to Mumford (see |Mu66j . |Mu69j . and also |Mo98j ). As a byprod- 
uct one obtains a classification of the corresponding Higgs bundles, hence of 
the local systems V. Roughly speaking, they are the standard ones, tensorized 
with unitary local systems (see Section H] for the 2-dimensional case). 
An affirmative answer to the conjecture 13.51 would allow to describe the irre- 
ducible subvariations of Hodge structures V of R 1 f*Cy according to the type 
of the direct factor f^. Note that the decomposition in © corresponds to a 
decomposition 

U = Mi x • • • x M s 

of the universal covering U of U. If fli is invertible, M$ is a one dimensional 
complex ball. If f2j has rank rij > 1 and if S m (fli) is stable for all m > 0, one 
can show that the existence of the variation of Hodge structures V* in l3.5l with 
Arakelov equality (JBJ) and with the Bogomolov equality Q implies that M, is 
a complex ball of dimension nj. In both cases the results in |VZ05bj give an 
explicite description of V. If f2j has rank > 1 and if S m (Qi) is not stable for 
some m > 1 the factor M* is a bounded symmetric domain of rank > 1 and 
the Margulis Superrigidity holds. So one has additional tools to understand 
this case. 

4. Characterization of generalized Hilbert modular surfaces, 

and plcard modular surfaces 

Let us restrict ourselves to the case dim(Y) = 2. There are no direct factors 
of type III. In fact, by |Y93j if S m (Q Y (log S)) is not stable, for some m > 0, 
then Oy(logjS') = Q\ © Q2 with Qi invertible. So there are only two possible 
types of Shimura varieties: 

Example 4.1. 

Type I.: U is an arithmetic quotient of the product of two copies of the upper 
half plane, and Y is a smooth toroidal compactification. So 

Q^QogS) = fii © fi a , with /v^^i) = ^ Y (s)(^2)- 

Assume that (replacing U by an etale covering, if necessary) there exists a 
variation Lj of Hodge structures on U with Higgs bundle 

n 1 / 2 © n; 1/2 , and ^ : n 1 / 2 n; 1/2 © a, c n; 1/2 © n Y (io g s). 

We will call U a generalized Hilbert modular surface, and Lj the standard 
uniformizing variation of Hodge structures. 

One easily verifies that the equality (jHJ) holds for Lj, and also for Li © L a . 

Type II.: U is an arithmetic quotient of a two dimensional complex ball. Then 
S m (D,Y (log S)) is fJ>ui Y (S) stable for all m. Assume there exists a variation L of 
Hodge structures on U with Higgs field 

u Y (S)- 1/3 ®n Y (iogS) © lj y (S)- 1/3 , 

again after replacing U by an etale covering. Here the Higgs field is the identity 
9 : u Y (S)- 1/3 © ^(logS) u Y (S)- 1/3 © Q Y (logS). 
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We will call U a Picard modular surface, and and L the standard uniformizing 
variation of Hodge structures. 

Obviously the Arakelov equality (JHJ) holds for L and for L v , as well as the 
Bogomolov equality (JHJ) • However (j7J) is a strict inequality for the real variation 
of Hodge structures L © L v . 

Note that part a) of coni ect ure 13 . 51 holds true for surfaces, i.e. the factorization 
of the Higgs field. In fact, the only non-trivial case is the one of a generalized 
Hilbert modular surface, which has been handled in |[VZ05b| Proposition 3.4] 



without using the Bogomolov equality (JHJ). For Hilbert modular surfaces, part 
b) has been shown as well. 

Theorem 4.2. Let f : X — > Y be a semistable family of g- dimensional Abelian 
varieties over an algebraic surface Y , smooth over the complement of a nor- 
mal crossing divisor S. Assume that (Y,S) satisfies the assumption \3. 6 A and 
that the induced morphism U — ► A g to the moduli stack of polarized Abelian 
varieties is generically finite. Assume moreover that (QJ) and (G|) hold for all 
C irreducible subvariations of Hodge structures V in R l f*Cv- 
Then U is a rigid Shimura variety with universal family V — *■ U and ( replacing 
U by an etale covering) either 

a. U is a generalized Hilbert modular surface and 

R l fXv = U ®Ui ©L 2 ©U 2 

for unitary local systems Uj and for the standard uniformizing varia- 
tions of Hodge structures L$, or 

b. U is a ball quotient and 

R}fXv = L © U © L v ® U v 

where U is a unitary local system and L the standard uniformizing 
variations of Hodge structures. 

Theorem 14 .21 is just a special case of Theorem 13 .61 together with the description 
of the variation of Hodge structures, given in |VZ05bt Theorem 5]. 
At present we only know the assumptions 13.21 d) and e), to hold when Uy(S) 
is ample. This assumption is only reasonable if S — 0. On the other hand, 
dim(y) = 2 implies that d^yiS) (E 1 ' ) = A(E 1,0 ) is independent of the polar- 
ization. Let H be an ample divisor on Y for which Qy (log S) is /j,h polystable. 
As shown in jVZOSbl Section 8], such an ample sheaf always exists. If one as- 
sumes the equation (jHJ) to hold for the slope with respect to ci(uy{S)) + e ■ H, 
for some e > and all Co > e > 0, then the conclusion of Theorem I4.2l remains 
true, as shown in |VZ05bt Variant 8.4]. 



Remark 4.3. Since we allow ourselves in Theorem l4.2l to replace U by an etale 
covering, we may as well assume that unitary local systems or U are given 
by a unitary representation of the fundamental group of Y. In fact, if S ^ 
and if no etale covering of U is the product of two curves, the representation 
of 7Vi(U) defining U has finite image. 

If U — U\ x Ui one is in case a), and Uj is given by a representation of 7Ti 
Again, either C/j is compact, or the bundle trivializes over an etale covering. 
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5. The Griffiths- Yukawa coupling 

As remarked in Example 14.11 II) the Arakelov equality will never hold for 
the whole variation of Hodge structures given by a family of g- dimensional 
Abelian varieties over Picard modular surfaces, but just for the irreducible 
C-subvariations. Moreover it is easy to see that the Griffiths- Yukawa coupling 
t 9 on the middle cohomology A g R 1 f*Cv = R 9 f*Cy has to vanish in this case. 
This can be exploited to give another characterization of Hilbert modular 
surfaces, using the degree of the invertible sheaf 

9 9 

/\(F°>°) = /\f.Q\r(l0gS) = f*U X/Y) 

and the Griffiths- Yukawa coupling introduced in Section [TJ but not the dis- 
criminant A(F 1,0 ). Recall that the Arakelov inequality for the Higgs bundle 
(F, r) of R 1 f*Cy says 

(10) ci(/*wx/y)-ci 

In fact one may write R l f*Cy = V©T where T is the maximal unitary sublocal 
system. If (E, 9) denotes the Higgs bundle of V then 

c 1 (£ 1 >°).c 1 (cj y (S')) = Cl {F x >°). Cl {u Y {S)) = Cl (Uu x/Y ). Cl (u Y (S)) 

and (fTUJ) is nothing but ((Zj). If T ^ the unequality (|TUj) has to be strict. 

Proposition 5.1. Let f : X —>■ Y be a semistable family of g- dimensional 
Abelian varieties over an algebraic surface Y , smooth over the complement of 
a normal crossing divisor S. Assume that {Y, S) satisfies the assumvtion \3. 6 A 
and that the induced morphism U — > A g to the moduli stack of polarized Abelian 
varieties is generically finite. Then the following conditions are equivalent: 

i. U is a generalized Hilbert modular surfaces. Replacing U by an etale 
covering and using the notations from \4 ■ i\ 

R 1 fXv = L 1 ®U 1 ©L 2 ®U 2 

for unitary local systems Uj. 

ii. Cl (f^ x/Y ). Cl (u Y (S)) = 9 - Cl (u Y (S)) 2 and 8{F^) = 0. 

iii. ci(/,w x /y)-Ci(wy(S')) = -c^uv^S)) 2 and t 9 ^ 0. 

Proof. It is obvious that i) implies ii) and iii). In [VZ05b, Corollary 8.1] it is 
shown that iii) implies i). 

Recall that the Griffiths- Yukawa coupling r 9 is a morphism 

t 9 : det(F 1 ' ) — ► det(F ' 1 ) ® S 9 (p} Y (\ogS)) 

between polystable sheaves of the same slope. If r 9 is non-zero, S 9 (Q Y (l°g &)) 
will be non-stable, hence fiy(logS') must be the direct sum of two invertible 
sheaves. □ 
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A characterization of Picard modular surfaces, without using the discriminant 
and without the assumption that the Arakelov equality (jHJ) holds for all irre- 
ducible C-sub variations of Hodge structures of R 1 f*Cy is more difficult (and 
presumably not possible for g large). Before stating a criterion for the lowest 
possible value g = 3, let us introduce some notation. 

(G = 0G»-*V| G ) 

9=0 

denotes the Higgs subbundle of 

9 3 — 1 9~i 9 

(F = /\ F 1,0 © /\ F 1 ' ® F 0,1 © • • • © F 1 ' © /\ F 0,1 © /\ F°'\ r') 
generated by det(F 1 - ) = f\ g F 1 - . 

Proposition 5.2. ^4ss«me in \5.1\ that g = 3 and tnat r 3 = 0. Tnen 

2 

Ci(f*^x/Y)-Ci(co Y (S)) < -ci(u;y(S')) 2 

and t/ie following two conditions are equivalent: 

i. U is a Picard modular surface. Replacing U by an etale covering and 
using again the notations from \4-l\ 

R l fXv = L©U©L V ©U v 

for a unitary local system U. 

2 
— ( 

3 

Proof. Since tp : U — > A g is generically finite, 

2 

det(F 1 ' ) © T y (- log 5) — ► /\ F 1 ' © F ' 1 

must be injective. This implies that G 2 ' 1 = det(F 1,0 ) © Ty(— log 5). Since 
r 3 = one has G 0,3 = and 

G = det(F 1 ' ) © det(F 1 ' ) © T Y {- log 5) © G 1 ' 2 

is a Higgs subbundle. One finds 

//(det(F 1,0 )) + 2 ■ /i(det(F 1 ' )) - 2 • fi{Q Y (log 5)) + rank(G 1 ' 2 ) • MG 1 ' 2 ) < 0. 

(G 1 ' 2 , 0) is a Higgs subbundle of the Higgs bundle of the local system F 3 /*Cy, 
but it can not split. Hence /i(G 1>2 ) < 0. Since det(F 1 ' ) © S 2 (T Y (- log S)) is 
polystable, and since G 1,2 is a quotient sheaf, 

/ u(det(F 1 ' )) - 2 • /^(logS)) < ^(G 2 ' 1 ). 

Alltogether one finds 

6-(c 1 (/^ x/ y).c 1 K(^))-^c 1 (^y(5)) 2 ) = 6- /U (det(F 1 '°))-8-/i(fi y (log^)) = 

^(det(F 1 ' )) + 2 ■ /i(det(F 1 - )) - 2 • fi(Q Y {log S))+ 

3 ■ / u(det(F 1 ' )) - 6 ■ /i(ft y (logS)) < 0, 



11. Ci(/*a>x/y).Ci(wy(£)) = ^ci(u;y(5')) 2 . 
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hence the inequality stated in d). Assume now that ii) holds, hence that 
this is an equality. Going backwards, one sees that this is only possible if 
rank(G 1,2 ) = 3, hence if 

det(F 1 ' ) ® S 2 (T Y (log S)) = G 1,2 . 

Moreover, bv 13.31 (7. as a Higgs subbundle of degree zero, is induced by some 
local system. Therefore ci(G) = and A(G) = 0. The discriminant does not 
change by tensorization with invertible sheaves, hence 

A(G) = A(det(F 1 - ) © S 2 (O y © Q^QogS))) = A(S 2 (O y © ^(logS))) = 0. 

The equality on the right hand side implies that 

6 • c 2 (£V © Q\r(\ogS)) - 2 • Cl (0 y © tt Y (logS)) 2 A(0 Y © ^(logS)) = 0. 

(see [VZ05b, Lemma 3.2], for example). So 

3-c 2 (^(logS))= Cl (^(logS)) 2 

and U is a ball quotient by Yau's uniformization theorem. 
For the last step, recall that 

ci(G) = 6 • Cl (F l >°) + 4 • Ci (lu y (S)) = 0. 

So modulo Pic (Y) the invertible sheaves det(F 1,0 ) 3 and u Y (S) 2 coincide, and 
u Y (S) is 3-divisible, hence u Y (S)s exists. 

(11) (u Y (S)^ ®n Y {iogS)®u Y {s)^ , id) 

is a polystable Higgs bundle of degree zero. Note that Y is a smooth Mumford 
compactification of U, and that (fTTjl is the universal Hodge bundle on the pe- 
riod domain B 2 = U. Hence, it is induced by the local system L corresponding 
to the discrete subgroup 

tti(E7) = T C SU(2,1). 

Obviously L is irreducible of rank 3, and L is not invariant under complex 
conjugation. Since the Higgs bundles coincide, one finds 

3 3 

(12) /\(i?V*Cy) = /\(L©L V ). 

Let p' : 7Ti (Y") - * Sp(6, E) and p : ^\{Y) — ► Sp(6,R) be the representations 
giving R l J*Cy and L © L v , respectively. Since their third wedge products 
coincide, they only differ by a constant, up to conjugation. So R 1 f*Cy is also 
the direct sum of two rank 3 local systems, say Wi and W 2 . The equality fT2"J) 
can be rewritten as 

S 2 (Wi) © S 2 (W 2 ) © C 2 = S 2 (h) © S 2 {h v ) © C 2 . 

The direct factors on the left hand side are all irreducible, hence up to renum- 
bering, one finds 5" 2 (Wi) = <S' 2 (L). This implies that over an etale covering of 
Y one has W = L, as claimed in i). 

Assuming i) the equality of the Chern numbers in is easy to obtain. In fact, 
by Example 14. II one has a unitary invertible sheaf UonY with 

F 1 ' = u Y (S)^ ®n Y (hgS) ®U®u Y (S)^ ©w v , 
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hence 



ci(/^ x/y ) = c 1 (F 1 ' u ) = 

^ • Cl (uy(S)) + Ci(j£(l0gS)) + 1 • C1 (UJ Y (S)) = 1 ■ CI {UJ Y {S)). 

□ 

For g > 3 it is hard to control the largest r with t t ^ 0. Fixing r, one obtains: 

Proposition 5.3. Assume in Proposition I5.il £/ia£ £/ie Arakelov equality 
holds for all irreducible C subvariations of Hodge structures in R 1 fJCy, and 
that r r+1 = 0. Then 

ZiU*Ux/y)-Ci{u y {S)) < -Ci(a;y(S')) 2 . 

Proof. By |VZ05b[ Theorem 1] the Arakelov equality implies that F 1 ' and 
F ' 1 are both /i-semistable, and that 

r: F 1 ' ^ F^^QyilogS) 
is a morphism between /i-semistable sheaves of the same slope. Writing 

T y (-logS) = ^(lo gl S) v , 
the same holds for the induced map 

r' q : det(F 1 ' ) ® S q (T Y (- log S)) — * /\ F 1,0 © /\ F 0,1 . 

The left hand side is stable, and G 9 ~ q,q , as the image of r', is either zero or 
isomorphic to 

det(F 1 '°)® ( S <? (Ty(-log J S)). 

Choosing r to be minimal in 15.31 we may assume that it is the largest integer 
with G 9 ~ r ' r 7^ 0. Since G is a Higgs subbundle of the Higgs bundle of a local 
constant system, by 13.31 

Cl (G). Cl (MS))<0. 
The sheaf G g ~ q ' q has slope / u(det(F 1 ' )) - q ■ //(^(logS)) and 

Cl (G). Cl (o; y (5)) = J> + 1) • (//(de^F 1 - )) - q ■ p(S$QogS))) = 

(r + l)-(r + 2) , 



^(det(F^))- 

( r - (: + 1) 6 (2r + 1 ^ ^^)-M^(iog^ 



The latter is a positive multiple of 



Mdet(F 1 ' ))-^-M^y(log5)). 



□ 
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For r — g — 1 and g > 4 the inequality in Proposition 15.31 is worse than the 
Arakelov inequality (jlUj) . In V205p| Section 9] we calculated the maximal 
r with t t ^ for the ball quotients. In particular for the Picard modular 
surfaces and for the variation of Hodge structures in Theorem 14 .2\ b), one 
obtains r = 2 • rank(U) = Then Proposition 15.31 implies that 

(13) ci(/*wx/y)-Ci 

We leave it to the reader to verify, that the Arakelov equality for L ® U and 
for its dual are just saying that (fT3|) is an equality. 
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